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Abstract

Let k be a field of characteristic two, let ES = FS
2 /〈1〉 for a nonempty finite set S,

and let JS be the augmentation ideal of k[ES ]. We compute the ordinary and derived
right Kan extensions of Fd(S) = JS/Jd

S from sets of cardinality at most r, retaining all
functions between finite sets. For 2 ≤ r < |S|, every nonzero positive derived group is
Λr(kS/k1), occurring precisely in degrees max(1, r − d), . . . , r − 2. Thus K(Fd, h) has
least reconstruction cutoff d+h+1. We also give an elementary subfunctor classification:
every nonzero natural linear subfunctor of J is an augmentation power. Combined
with the sharp cutoff, this proves that J/Jr−h−1 is the universal largest natural linear
quotient whose degree-h Eilenberg–Mac Lane diagram reconstructs from cardinality
r ≥ h + 3; below that range only the zero quotient works. A separate calculation
gives the complete FI homology of the dual Boolean module. The coefficient family,
polynomial filtration, and pointed cross-effect machinery are established; the subject is
their explicit modular reconstruction calculation and its universal quotient consequence.

Keywords. Right Kan extension; FI homology; Boolean polynomials; augmentation ideal;
symmetric simplicial diagram.

1 The reconstruction question and the results
Restriction to small finite sets supplies local information about a diagram. Recovery of the
whole diagram asks for more than detection of a nonzero element: compatible local data
must have a global source, and a homotopy limit also records higher compatibility. This
note computes all three effects for one concrete family.

Let F be a small skeleton of the category of nonempty finite sets and all functions. Fix
a field k of characteristic two. For S ∈ F put

ES = FS
2 /〈1〉, JS = ker

(
k[ES ] ε−→ k

)
, Fd(S) = JS/Jd

S (d ≥ 2).

A function f : T → S induces pullback ES → ET , hence maps on group algebras, augmen-
tation ideals, and their quotients. Thus Fd is a contravariant functor on all functions. The
parameter d is an augmentation-filtration cutoff; it is not a left-Kan generating degree or a
homotopy truncation.

Write ir : Fop
≤r ↪→ Fop for the full inclusion on cardinalities 1, . . . , r, and set

RrX = Ranir (i∗
rX), ηr : X −→ RrX.

For vector spaces, Rr initially denotes the ordinary right Kan functor and RqRr its right-
derived functors. For spaces we use homotopy right Kan extension. The cutoff r is a
cardinality; the conventional symmetric-simplicial coskeletal dimension is r − 1.
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Define the covariant zero-sum module and its contravariant dual by

US = ker(kS

∑
−−→ k), QS = kS/k1 = U∗

S .

The covariant map on U sums along fibers; the map on Q is pullback. These conventions
fix the variance of the representations below.

Theorem 1.1 (The reconstruction groups). Let d ≥ 2 and 2 ≤ r < n = |S|. The ordinary
unit has

ker ηr(S) =
{

Jr
S/Jd

S , r < d,

0, r ≥ d,
coker ηr(S) =

{
ΛrQS , r ≤ d,

0, r > d.

Its positive derived groups are naturally

(RqRrFd)(S) ∼=
{

ΛrQS , max(1, r − d) ≤ q ≤ r − 2,

0, otherwise,
q ≥ 1. (1)

The isomorphisms respect all finite-set maps, in particular all symmetric-group actions. For
n ≤ r the unit is an isomorphism and the positive derived groups vanish. At r = 1, every
restricted value is zero.

Here and below a displayed cokernel identification means a natural isomorphism. Since
dim QS = n − 1, the exterior module has dimension

(n−1
r

)
. The theorem does not assert

that the derived object splits equivariantly into its cohomology groups.

Theorem 1.2 (Sharp homotopy reconstruction). For d ≥ 2 and h ≥ 0, the space-valued
diagram

Xd,h(S) = K(Fd(S), h)

has least uniform homotopy right-Kan cardinality cutoff

r = d + h + 1.

Here K(A, 0) is the discrete underlying additive group. Equivalently, the least coskeletal
dimension is d + h.

At the preceding cutoff r = d + h, failure already occurs on a set of size r + 1. For
h = 0 it is a one-dimensional ordinary cokernel. For h ≥ 1 the target has a nonzero
group of connected components while the source is connected. This lower bound tests the
comparison map itself.

Theorem 1.3 (Exact FI homology). Let Wa be the covariant FI-module of complement-
invariant Boolean polynomials of degree at most a, modulo constants, with value zero at the
empty set. For a = d − 1 ≥ 1,

HFI
i (Wd−1)([n]) ∼=

{
ktriv, i + 2 ≤ n ≤ i + d,

0, otherwise,
i, n ≥ 0.

Writing ti(M) = sup{n : HFI
i (M)([n]) 6= 0} and reg(M) = supi≥0(ti(M) − i), we have

ti(Wd−1) = i + d and reg(Wd−1) = d.

The duality Wd−1(S)∗ = Fd(S) will be established below. The FI calculation provides
an independent algebraic description of the full proper-subset obstruction. It is not used
to equate a proper-subset cube with an arbitrary smaller cutoff.
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Theorem 1.4 (Universal finite-reconstruction quotient). Fix h ≥ 0 and r ≥ h + 3, and put
N = r − h − 1. For every natural objectwise surjection q : J ↠ A of k-linear diagrams, the
following are equivalent:

(i) The diagram S 7→ K(A(S), h) reconstructs from cardinality at most r.
(ii) JN ⊆ ker q.
(iii) q factors uniquely through the canonical quotient J ↠ J/JN .

Consequently J/JN is the largest such quotient, meaning that every qualifying quotient is a
further quotient of it. No assumption that ker q is an ideal is needed. If 1 ≤ r < h + 3, the
zero quotient is the only qualifying quotient.

This necessity assertion is about all specified natural linear quotients of J , rather than
a preselected list of powers. Its proof combines theorem 1.2 with an elementary rigidity
statement, proved in section 8. The observation size r, homotopy degree h, and initial
diagram are fixed data; the largest permissible quotient is then determined.

1.1 Antecedents and scope

Finite-set reconstruction and polynomial classification are established subjects. Hora–
Kamio–Maehara’s Lemma 2.3.6 and Proposition 2.3.7 express ordinary symmetric-simplicial
reconstruction through compatible subset data and cycle filling [1]. Church–Ellenberg’s
Theorem C identifies the least ordinary FI presentation cutoff with the maximum of the
generating and first relation degrees [2]. The ordinary bound here is a calculation for a
particular module within that theory.

The binary-complement symmetric diagram already occurs in Greene–Welker–Wille,
Section 5.1 [3]. Its reduced linearization is the cut module considered here. Powell’s deletion-
kernel filtration is also an antecedent: Definition 3.3 and Theorem 4.5 of [4] treat that
filtration and labeled-surjection layers in characteristic zero. Powell–Vespa’s Theorem 6.15
and Corollary 7.4 compute related labeled deletion complexes [5]. Passing to unordered
cuts in characteristic two cannot be justified by assuming exactness of target-permutation
coinvariants.

The augmentation/Boolean-degree correspondence is classical; see the Berman–Charpin
theorem in the form proved in [6, Theorem 3.6]. More precisely, over F2 the module
Wa is the classical polynomial truncation paĪ of the reduced Boolean injective, composed
with S 7→ ker(F2[S] → F2); extension of scalars gives arbitrary k. Powell describes that
polynomial filtration and its exterior factors in [7, Section 2].

There is also an exact pointed antecedent. On finite pointed sets and root-preserving
maps, the rooted monomials

∏
s∈A(xs + x0) identify Wa with Richter’s Ba, defined in

Section 4.3 of [8]. Its objectwise linear dual is her ta. Richter’s Lemmas 4.3–4.4 and
Theorem 4.5 establish its polynomial degree and its role in a derived Taylor approximation.
The calculation below retains arbitrary maps between unpointed finite sets and computes
their cardinality right-Kan unit; it is not a claim that the pointed coefficient family is new.

The subfunctor rigidity used for theorem 1.4 is an elementary consequence of classical
pointed cross-effect theory. Pirashvili defines the subset module and its cardinality filtration
in [9, Section 1.4], and gives the Γ–Ω equivalence in Section 1.10. Under that equivalence,
restated in [5, Theorem 3.7], the reduced pointed module B∞ has a one-dimensional cross-
effect in each positive arity, and every surjection acts as the identity. Its submodules
therefore correspond to initial segments of arities, giving the Ba. Richter also describes
the cross-effect in [8, Section 2.4]. We supply a direct coordinate proof for the unpointed
characteristic-two diagram, rather than claim a new classification method.

The contribution claimed in this note is the explicit modular all-cutoff calculation, its
natural modules, the sharp bound for Xd,h, and its universal quotient consequence. No new
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general polynomial-recognition principle, new filtration, or new binary-complement functor
is asserted. Additional rank-filtration comparisons and remaining access limitations are
recorded in the accompanying priority report.

2 All probes and the subset matching tower
Let Kr(S) be the poset of nonempty actual subsets T ⊆ S with |T | ≤ r. Its arrows are
inclusions. Pointwise right Kan extension is indexed by

(F≤r/S)op,

whose objects are functions B → S with |B| ≤ r. Thus noninjective probes are present in
the definition.

Lemma 2.1 (Image reduction). For every contravariant diagram X in a complete ordinary
or infinity-category,

(RrX)(S) ' lim
T ∈Kr(S)op

X(T ).

For homotopy coefficients the limit on the right is a homotopy limit.

Proof. In F≤r/S, the image operation is left adjoint to the inclusion of Kr(S). Indeed, a
map over S from f : B → S to an inclusion T ↪→ S exists uniquely exactly when im f ⊆ T .
Taking opposites makes the subset inclusion a left adjoint, hence initial for limits. This
proves the assertion for arbitrary diagrams. The factorization through the image supplies
the relevant contractible comma category; it accounts for identifications and automorphisms
of noninjective probes. An inclusion over S has no nontrivial automorphism. Relabeling S
preserves this construction.

Put LrX(S) = holimKr(S)op X(T ) and

MX(T ) = holim
∅ 6=U⊊T

X(U).

At the first omitted cardinality r = |S| − 1, the right-Kan comparison is exactly the proper-
subset matching map. At a smaller cutoff it is a different map.

Proposition 2.2 (Matching attachment). For r ≥ 2 there is a homotopy-cartesian square,
natural in X and under ambient injections,

LrX(S) −→
∏

|T |=r

X(T )

↓ ↓
Lr−1X(S) −→

∏
|T |=r

MX(T ).

In stable coefficients, with δX(T ) = fib(X(T ) → MX(T )),

fib(LrX(S) → Lr−1X(S)) '
⊕

|T |=r

δX(T ).

Proof. The new objects in the inverse subset category have cardinality r and no arrows
between distinct new objects. Their outgoing categories are their proper nonempty subsets.
Extending a cone therefore consists precisely of choosing a value at each new object together
with its compatibility over that outgoing category. This is the displayed pullback. Taking
fibers gives the stable formula. The actual subsets index the factors; relabeling permutes
them, and no extra fixed-point factor is introduced.

4



This is standard matching-object attachment. It gives a filtration with connecting
maps, not a canonical splitting of the reconstruction obstruction. In spaces, moreover,
a contractible fiber at one chosen basepoint does not rule out missed components. The
sharpness proof will use such components directly.

3 Boolean duality and the filtered norm sequence
For a nonempty finite set S, let

P (S) = k[xs : s ∈ S]/(x2
s − xs),

with degree filtration Pb. The squarefree monomials form a basis. A set map f : S → S′

acts covariantly by xs 7→ xf(s); collisions may lower degree. Simultaneous complementation
τ(xs) = xs + 1 commutes with these substitutions. Set

∆ = 1 + τ, Hb = ker(∆|Pb), Wb = {g ∈ Hb : g(0) = 0}.

Evaluation at zero gives a natural splitting Hb = k ⊕ Wb.
Choose a root s0 ∈ S and put ys = xs + xs0 for s 6= s0. The change to the ys and xs0

preserves degree filtrations in both directions. Complementation fixes every ys and sends
xs0 to xs0 + 1. Writing a function uniquely as g(y) + xs0h(y) shows that it is invariant
exactly when h = 0. Consequently

dim Hb(S) =
min(b,n−1)∑

j=0

(
n − 1

j

)
, grb H(S) ∼= ΛbUS . (2)

For the second assertion, degree-one invariants form US , and the associated graded Boolean
algebra has square-zero generators. Multiplication induces the exterior-power map; the
rooted monomial basis proves it is an isomorphism. The construction is independent of the
root.

Lemma 3.1 (Augmentation duality). The group-algebra pairing with functions induces
naturally

Wd−1(S)∗ ∼= JS/Jd
S .

The reduced cut module V (S) = k[Cut(S)] is naturally JS, by sending a nonzero complement
class e ∈ ES to [e] − [0].

Proof. A nonzero element of ES is an unordered nontrivial cut. Pullback of a constant cut
gives [0] − [0] = 0, proving the last naturality assertion. In rooted coordinates choose the
dual additive basis gs of ES and put ts = [gs] − 1. Then

k[ES ] ∼= k[ts : s 6= s0]/(t2
s), 〈tB, yA〉 = δA,B.

Indeed the pairing is a finite-difference sum over subsets of B, equal to zero unless A ⊆ B,
and then to 2|B|−|A|. Thus the annihilator of Jd

S consists of functions of degree at most
d − 1. Dualizing JS/Jd

S removes constants. The intrinsic pairing proves naturality beyond
the chosen coordinates.

Lemma 3.2 (Filtered norm). For b ≥ 1 there is a natural exact sequence on nonempty
finite sets

0 −→ Wb −→ Pb/k
∆−→ k ⊕ Wb−1 −→ 0. (3)
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Proof. Complementation cancels the highest-degree part, so ∆Pb ⊆ Hb−1. Its image is
invariant because ∆2 = 0. For invariant g ∈ Hb−1 and any s ∈ S,

∆(xsg) = g.

This proves surjectivity without putting a coordinate choice into the definition of the map.
Its kernel is Hb. Quotient constants in the first two terms and use the evaluation splitting
of Hb−1.

4 The ordinary cut obstruction
Let H(S) = ker ∆ ⊆ P (S) and W (S) = H(S)/k = V (S)∗. As vector spaces, the com-
plement action has free two-element orbits on the point basis of the Boolean cube. In
characteristic two this gives

0 −→ H −→ P
∆−→ H −→ 0. (4)

Lemma 4.1. For 2 ≤ r < n,

colim
T ∈Kr(S)

P (T ) = Pr(S),
∑

T ∈Kr(S)
H(T ) = Hr−1(S) ⊆ Pr(S).

Proof. A nonconstant monomial has a unique support. Its occurrences in the subset di-
agram are identified through that support whenever its size is at most r. Constants are
identified through pairs, since r ≥ 2. This proves the first statement.

An invariant on T has degree at most |T | − 1, using a root in T . Thus the displayed
sum is contained in Hr−1(S). Conversely, fix a root s0 of S. Every rooted monomial∏

s∈A(xs + xs0) of degree at most r − 1 comes from A ∪ {s0}, a set of size at most r. Those
monomials span Hr−1(S).

Proposition 4.2 (Untruncated ordinary calculation). For 2 ≤ r < n the cut module V = J
satisfies

ker(V (S) → RrV (S)) = Jr
S , coker(V (S) → RrV (S)) ∼= ΛrQS .

Proof. Right exactness of colimit applied to (4), followed by lemma 4.1, gives

colim
Kr(S)

H(T ) ∼= Pr(S)/Hr−1(S).

The comparison with H(S) is induced by ∆. Its image is Hr−1(S): degree drops by one, and
∆(xs0g) = g supplies every invariant of that degree. Its kernel is Hr(S)/Hr−1(S) ∼= ΛrUS .

The constant summands split naturally and compare isomorphically, so the same kernel
appears for colim W (T ) → W (S). Its cokernel is W (S)/Wr−1(S). Finite-dimensional
duality identifies RrV (S) with (colim W (T ))∗. By lemma 3.1, the annihilator of Wr−1(S)
is Jr

S . Dualizing the other kernel gives ΛrQS .

In particular

dim ker ηr =
n−1∑
j=r

(
n − 1

j

)
, dim RrV (S) =

r∑
j=1

(
n − 1

j

)
.
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For three labels and pair probes, the restriction matrix in the singleton-cut bases is1 1 0
1 0 1
0 1 1

 .

Its kernel and cokernel are both one-dimensional. The general calculation determines what
this small example alone cannot: all cutoff sizes and their natural module structure.

5 All higher derived groups and the filtered unit
Lemma 5.1 (Acyclic support diagrams). On the covariant category Kr(S), the diagram
Pb/k is colimit-acyclic for every b ≥ 1. Its colimit is Pmin(b,r)(S)/k.

Proof. For each nonempty support A of size at most min(b, r), its monomial contributes
the representable diagram

T 7−→ k[HomKr(S)(A, T )].

These diagrams are projective, and their direct sum is Pb/k. The support description also
computes the ordinary colimit. No equivariance of the chosen projective decomposition
under arbitrary ambient maps is needed for acyclicity.

The nerve of Kr(S) is the barycentric subdivision of the (r − 1)-skeleton of the simplex
on S. For 2 ≤ r < n, its reduced homology is concentrated in degree r − 1. There is a
canonical identification

H̃r−1(|Kr(S)|; k) ∼= ΛrUS . (5)

To see both facts algebraically, identify simplex chains in degree j −1 with Λj(kS) and their
boundary with contraction by the sum functional λ. If λ(e) = 1, then kS = ke ⊕ US , and
contraction sends e ∧ u to u while vanishing on ΛjUS . The augmented simplex complex is
exact; truncation leaves precisely its degree-r kernel.

Proof of the positive-degree assertion in theorem 1.1. Write Lj for the jth left-derived col-
imit over Kr(S). From (3) and lemma 5.1, for j ≥ 1,

LjWb
∼= Lj+1Wb−1 ⊕ Lj+1k.

Starting with W0 = 0 gives

LjWd−1 ∼=
d−1⊕
t=1

Lj+tk. (6)

The only positive derived colimit of the constant diagram is (5). Exactly one summand
contributes when 1 ≤ r − 1 − j ≤ d − 1, equivalently

max(1, r − d) ≤ j ≤ r − 2.

Finite-dimensional duality turns these derived colimits into the right-derived limits of Fd =
W ∗

d−1. This proves (1).

Proof of the ordinary assertions in theorem 1.1. If d ≥ r, then Jd
T = 0 for every |T | ≤ r,

since dimF2 ET ≤ r − 1. Thus the restricted Fd diagram agrees with V . Factoring the unit
of proposition 4.2 through V (S)/Jd

S yields the asserted kernel and cokernel.
Suppose r > d, and put a = d − 1. Apply ordinary colimits to

0 → Ha+1 → Pa+1
∆−→ Ha → 0.

7



All monomial supports in Pa+1 fit into the cutoff, so its colimit is Pa+1(S). The image of
colim Ha+1(T ) is all of Ha+1(S): a rooted invariant monomial of degree at most a + 1 uses
at most a + 2 = d + 1 ≤ r labels. Hence the colimit comparison for Ha is an isomorphism.
Remove the naturally split constants and dualize to obtain the ordinary reconstruction
isomorphism for Fd.

If n ≤ r, the subset diagram has S as a terminal object before taking opposites, so
the comparison is an isomorphism and the higher groups vanish. For r = 1 the coefficient
values are zero.

5.1 Naturality, including identifications

For f : S → S′, the image-subset functor T 7→ f(T ) maps Kr(S) to Kr(S′). Together
with coefficient pullback along T → f(T ), it induces the contravariant map on the derived-
limit models. In normalized chain models, repetitions in the image of a strict chain are
degeneracies. The norm sequence, the splitting by evaluation at zero, and their connecting
homomorphisms commute with these comparisons.

For constant coefficients the comparison is the simplicial map of simplex skeleta induced
by f . On chains it is the exterior power of es 7→ ef(s); repeated vertices give zero. It
preserves U and therefore induces the expected map on ΛrU . Dualizing yields the all-map
module ΛrQ. This verifies that the isomorphisms in the theorem are not merely separate
permutation-equivariant rank calculations.

5.2 The reconstruction fiber

Place Fd in cohomological degree zero and set

Er,d(S) = fib
(
Fd(S) → Rlim

Kr(S)op
Fd(T )

)
.

For 2 ≤ r < n, the calculation gives

H0Er,d(S) = (Jr
S + Jd

S)/Jd
S ,

and, for j ≥ 1,

HjEr,d(S) ∼=
{

ΛrQS , max(1, r − d + 1) ≤ j ≤ r − 1,

0, otherwise.
(7)

These are the cohomology modules of the full finite cochain model. Possible equivariant
extension data are not suppressed by asserting a splitting.

Example 5.2 (The moving obstruction). For d = 3 and n > r, the following table lists the
degrees of the nonzero positive groups in (7). Each entry is a copy of ΛrQS .

Cutoff r Ordinary comparison Positive fiber degrees

2 kernel and cokernel 1
3 injective, non-surjective 1, 2
4 isomorphism 2, 3
5 isomorphism 3, 4
6 isomorphism 4, 5

Ordinary recovery has already occurred at r = 4, but the derived obstruction persists in
a moving pair of degrees. The next section explains why a fixed homotopy truncation
eventually ceases to see it.
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6 Eilenberg–Mac Lane reconstruction
Proof of theorem 1.2. Use K(A, h) = Ω∞ΣhHA. The functor Ω∞ preserves limits, and
suspension is an equivalence in spectra. The spectral limit may be nonconnective. Its
single nonzero coefficient row and the finite cohomological dimension of the subset indexing
category give

πi holim
Kr(S)op

K(Fd(T ), h) ∼= Rh−i lim
Kr(S)op

Fd(T ), 0 ≤ i ≤ h. (8)

This follows as well from the finite derived-limit cochain complex followed by the Eilenberg–
Mac Lane construction. At i = 0 it identifies the naturally abelian group of components.
Higher homotopy groups vanish.

If r ≥ d + h + 1, ordinary reconstruction is an isomorphism, while (1) is zero in degrees
1, . . . , h. Thus the comparison is an equivalence for every S.

For h = 0, take r = d and |S| = d + 1. The cokernel is ΛdQS
∼= k, so the comparison

fails. For h ≥ 1, take r = d + h and |S| = r + 1. The degree-h term lies in (1), and is
ΛrQS

∼= k. By (8) the target is disconnected, whereas the source is connected.
Finally, recovery from a smaller full cutoff implies recovery from every larger cutoff:

restrict the right-Kan presentation to the intermediate full subcategory and compose right
Kan extensions. Hence failure at d + h rules out every smaller candidate. This proves
leastness.

Example 6.1 (A first homotopy failure). For d = 2, F2(S) = QS . Ordinary reconstruction
works from triples. On four labels, however, the triplewise homotopy reconstruction of
K(Q, 1) has

π1 ∼= k3, π0 ∼= k.

The unit reaches the base component only. Thus K(Q, 1) needs cardinality four, exactly as
theorem 1.2 states. Checking only the fundamental group of the distinguished component
would miss this failure.

7 An independent FI-homology calculation
Include the empty set in FI, whose morphisms are injections, and put Wa(∅) = 0. For an
FI-module M , let

HFI
0 (M)(S) = M(S)

/ ∑
T⊊S

im(M(T ) → M(S)),

and let HFI
i denote its left-derived functors. We use the established Koszul complex

Ci(M)(S) =
⊕

I⊆S, |I|=i

M(S \ I) ⊗ det(kI), (9)

whose differential is the signed sum of inclusion maps. Gan–Li, Theorem 1 and Section 2,
equation (2), prove that it computes FI homology [10].

Let Mj(S) be the permutation module on j-element subsets of S. For fixed S, (9) splits
over supports A of size j. The support summand is the exterior contraction complex on
k(S \ A). If the complement is nonempty, wedging with one of its basis vectors contracts
the complex. If S = A, only k in degree zero remains. Hence Mj is FI-acyclic in positive
degrees and HFI

0 (Mj) is one trivial representation in cardinality j.
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Let C be k on nonempty sets and zero on the empty set, with identity maps between
nonempty sets. For n ≥ 1, its Koszul complex on n labels is the full exterior contraction
complex with its top term deleted. It has homology only in degree n − 1, where the image
of the deleted differential is the sign representation. In characteristic two this is trivial. For
n = 0 the complex is zero. Therefore

HFI
i (C)([n]) =

{
ktriv, n = i + 1,

0, otherwise.
(10)

The value C(∅) = 0 is essential; C is not the constant FI-module.

Proof of theorem 1.3. Put Aa = Pa/k. Monomial supports give

Aa =
a⊕

j=1
Mj .

Thus Aa is FI-acyclic and HFI
0 (Aa) is one-dimensional in each cardinality 1, . . . , a. The

filtered norm sequence, extended by zero at the empty set, is

0 → Wa → Aa → C ⊕ Wa−1 → 0.

For i ≥ 1 its long exact sequence gives

HFI
i (Wa) ∼= HFI

i+1(C) ⊕ HFI
i+1(Wa−1).

Starting with W0 = 0 and applying (10) yields one trivial representation in each of the
distinct cardinalities i + 2, . . . , i + a + 1.

For i = 0, induction says that HFI
0 (C ⊕Wa−1) is one-dimensional in cardinalities 1, . . . , a.

The surjection from HFI
0 (Aa) is therefore an isomorphism in each cardinality. The adjacent

exact sequence gives
HFI

0 (Wa) ∼= HFI
1 (C) ⊕ HFI

1 (Wa−1),

which has the required support 2, . . . , a + 1. Substituting a = d − 1 proves the theorem,
including all empty and singleton cases.

The proof gives t0 = d and t1 = d + 1. Church–Ellenberg’s Theorem C consequently
recovers the ordinary cutoff d + 1. Their Theorem A applied to those two numbers gives
the general bound ti ≤ i + 2d; the exact computation here gives ti = i + d instead. The
generic presentation theorem is not being claimed anew.

The Koszul complex is also the total cofiber of the covariant cube T 7→ Wa(T ) on all
subsets of a fixed S. Equivalently it is the cofiber of the derived colimit over proper subsets
mapping to Wa(S). Since the empty value is zero, finite duality identifies it with the full
proper-subset reconstruction fiber of Fa+1. This applies at r = |S| − 1; smaller cutoffs
require the separate comparison of proposition 2.2.

8 Necessity and the universal quotient
Proposition 8.1 (Subfunctor rigidity). Every k-linear natural subfunctor L ⊆ J is either
zero or Jd for a unique integer d ≥ 1.
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Proof. Choose a root 0 ∈ S and use the augmentation coordinates ti = [δi] − 1 for i 6= 0.
Thus

k[ES ] ∼= k[ti : i 6= 0]/(t2
i ), tB =

∏
i∈B

ti

gives the squarefree basis, with B 6= ∅ for JS . Let ci : S → S send i to 0 and fix every other
label. Pullback pi = J(ci) kills ti and fixes the other generators. The commuting operators

eB =
∏
i∈B

(1 − pi)
∏

i∈S\(B∪{0})
pi

project onto the individual monomial lines ktB. Naturality and linearity make L(S) stable
under these operators. Hence L(S) is spanned by a subset of this monomial basis: applying
eB extracts a coefficient, and a nonzero coefficient is invertible in k.

Membership in degree j is independent of ambient cardinality. If tB ∈ L(S) with
|B| = j, restriction to {0} ∪ B gives the full degree-j monomial on a (j + 1)-element set.
Conversely, map any desired j labels of a larger rooted set bijectively to the nonroot labels
of the (j + 1)-element set, and send all remaining labels to the root. Pullback gives the
desired degree-j monomial. Relabeling gives every monomial of that degree.

The occurring degrees are upward closed, even though no ideal hypothesis was imposed.
Duplicate one nonroot label a into two labels b, c. The corresponding pullback sends

ta 7−→ (1 + tb)(1 + tc) − 1 = tb + tc + tbtc.

Pulling back a degree-j monomial involving a and applying the full-support projector ex-
tracts the degree-(j + 1) monomial. Thus degree j forces degree j + 1.

If L 6= 0, let d be the least occurring degree. The preceding arguments show that L(S)
is exactly the span of monomials of degree at least d, which is Jd

S . If no degree occurs,
L = 0. Distinct powers are distinct as functors, since the degree-d monomial is nonzero on
a (d + 1)-element set. The root was only a device for the proof; the resulting power of the
augmentation ideal is intrinsic.

Equivalently, all natural linear subfunctors of W∞ = J∗ are 0, W1, W2, . . . , W∞. In
Boolean coordinates, the same projectors extract monomials, while identifying two variables
lowers degree because y2

i = yi. This is the elementary form of the pointed cross-effect
argument described above. Characteristic two ensures that each Wa is independent of the
root.

Proof of theorem 1.4. Apply proposition 8.1 to L = ker q. If L = J , then A = 0 and
reconstruction holds at every cutoff. If L = Jd for d ≥ 2, then A ∼= Fd, and theorem 1.2
says that reconstruction at r holds exactly when d+h+1 ≤ r, or d ≤ N . This is equivalent
to JN ⊆ Jd.

The remaining case L = 0 never has a finite cutoff. For r ≥ 2, proposition 4.2 gives
a nonzero kernel Jr

S on a set of size r + 1. This ordinary unit is the map on πh of the
homotopy comparison (on π0 when h = 0), so the latter cannot be an equivalence. At
r = 1, all probes are zero while J on a pair is nonzero. This exhausts the classification.
The equivalence of (ii) and (iii) is the unique quotient factorization

J ↠ J/JN ↠ A.

For r < h + 3, no integer d ≥ 2 satisfies the required inequality, so only the zero quotient
remains.
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Example 8.2 (A fixed observational bound). With observations on at most four labels,
the largest quotients are

h 0 1 2
largest quotient J/J3 J/J2 0.

Thus requiring degree-one homotopy reconstruction at that same observational bound forces
every quadratic augmentation product to vanish. This conclusion concerns every natural
linear quotient, including ones not initially specified by an algebraic filtration.

9 Checks, limitations, and motivation

9.1 Reproducible finite calculations

The accompanying source archive contains four standard-library Python programs using
exact binary elimination. They supply complementary checks:

• verify-cut.py builds cut restrictions and compatibility equations for 27 ordinary
cases through seven labels.

• verify-derived.py builds normalized Roos cochain complexes for 55 cases through
five labels and verifies 504 cochain naturality cases, including noninjective maps.

• verify-fi-independent.py solves complement-invariance equations directly in
Boolean coordinates and builds FI Koszul complexes independently. It checks 54
cases through eight labels, 104,139 chain-equivariance equations, and 385 induced
homology-action tests.

• verify-natural-subfunctors.py enumerates every linear subspace of the cut mod-
ules through four labels, without assuming ideality. Among all 29,212 subspaces at
four labels, exactly 0, J3, J2, J are invariant under all 256 endomorphisms. Across car-
dinalities one through four it checks 29,231 subspaces, 310 injection-image agreements,
and 2,161 maps of the truncated diagrams.

The scripts construct matrices before comparing their homology with the formulas. They
check that differentials square to zero. The independent FI implementation does not reuse
the reconstruction matrices. These finite checks corroborate the proofs; they do not certify
universal naturality or priority. No proof-assistant verification or external peer review is
claimed.

9.2 What finite reconstruction means here

The cutoff in theorem 1.2 is a theorem for the specified augmentation quotient. It does not
imply that arbitrary abelian-valued, finite-valued, or one-truncated diagrams reconstruct
from bounded cardinality. Already the unquotiented cut module has a nonzero kernel at
arbitrarily large cutoffs. Nor is a bound on ordinary deletion kernels sufficient for gluing:
Fd has zero proper-deletion kernels for |S| > d, while the cutoff-d comparison still has a
nonzero cokernel at |S| = d + 1.

Allowing a different full selection of cardinalities does not supply a separate structural
escape. Every smaller nonempty set retracts from a larger one. The unit for restriction
and right Kan extension is an equivalence on every selected object, and therefore on its
retracts. By Kan composition, a bounded full selection has the same reconstruction power
as its maximum cardinality; an unbounded full selection reconstructs every diagram. This
observation is elementary retract-density, not an additional novelty claim.
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9.3 The philosophical question

The question arose from Hegel’s discussion of induction, analogy, and necessity in the
Science of Logic, especially the passage from collected instances to a connection grounded
in the nature of the terms [11]. A sufficient algebraic hypothesis answers only part of that
question: one can select a quotient and prove that it reconstructs without explaining why
that modification is required.

Theorem 1.4 supplies a stronger, precisely delimited answer. Once the cut diagram,
its all-map naturality, the observational bound r ≥ h + 3, and the homotopy degree h
are fixed, finite reconstruction forces the kernel to contain Jr−h−1, and killing exactly
that power suffices. Thus the alteration preserves the largest possible quotient under the
stated requirement. The power is determined by the reconstruction demand rather than
independently selected as a successful example. Below that range the only reconstructed
quotient is zero.

The theorem does not derive the initial diagram or the choices of r and h without
presuppositions, identify its exact sequences with Hegel’s syllogistic figures, or turn a bound
over finite sets into Hegel’s account of infinity. It supplies a mathematical example in which
a specified requirement determines what must be relinquished and what can be preserved.
The philosophical motivation and the priority of the calculation remain separate from proof
validity.

Research and authorship disclosure

The author directed the research. AI assistants helped develop arguments, implement cal-
culations, search and compare literature, draft the text, and conduct separate internal
mathematical critiques. These critiques are not external peer review. The specific com-
putation is presented for examination with its literature comparisons and reproducibility
material; no guarantee of first discovery is claimed.
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